Introduction
The classical Eichler-Shimura isomorphism gives a precise description of the Betti cohomology of the modular curve X = X 1 (N ) over C in terms of classical modular forms: more precisely, if k ≥ 0 is an integer, it describes H 1 X(C), Sym k (C 2 ) , as a Hecke module, in terms of modular forms and cusp forms of weight k + 2 and level Γ 1 (N ).
A p-adic, arithmetic, analogue of such a result was first proved by G. Faltings in the mid 80's who described the Hodge-Tate decomposition of theétale analogue H 1 X Q p , Sym k (V)(1) of the above Betti cohomology group, in terms of classical modular forms and cusp forms of weight k + 2, where X is now the modular curve X 1 (N ) over Q p and V is theétale sheaf associated to the p-adic Tate module of the universal semi-abelian scheme over X.
In this article we continue our study of the overconvergent Eichler-Shimura isomorphisms started in [AIS2] . Let X(N, p) → X denote the pair consisting of the modular curves of level Γ := Γ 1 (N ) ∩ Γ 0 (p), respectively Γ 1 (N ), over Q p seen as rigid analytic curves, where the map is forget the level p-structure, let 0 ≤ w ≤ p/(p + 1) be a rational number and let K be a finite extension of Q p such that there is an element p w of K with v(p w ) = w. We denote by X(w) ⊂ X, respectively X(w) ⊂ X(N, p) the strict neighborhood of the ordinary locus, respectively the strict neighborhood of the connected component of the ordinary locus containing the cusp ∞ in X and X(N, p) of width w (see section 2.1 for more details). We let X (w) be the natural formal model over O K of X(w).
Let us fix an accessible weight k, i.e. a continuous homomorphism k : Z × p −→ K × which is analytic when restricted to 1 + pZ p and let D k denote the module of K-valued analytic distributions on T 0 := Z × p × Z p which are homogeneous of weight k for the natural action of Z × p on T 0 (see section §3.1 for more details.)
The first object related to the so called overconvergent Eichler-Shimura isomorphisms, i.e. the object to be described in terms of overconvergent modular forms, is the Hecke module of overconvergent modular symbols of weight k, H 1 (Γ, D k ). In fact H 1 (Γ, D k ) has more structure then described so far. As D k can be seen as a continuous representation of the Kummer-étale geometric fundamental group of X(N, p) (for a certain base point), associated to D k there is a continuous Kummer-étale sheaf D k on X(N, p) such that we have H 1 Γ,
, D k . In particular H 1 Γ, D k has a natural action of the absolute Galois group G K of K.
In [AIS2] we have proved a full but imperfect Eichler-Shimura isomorphism theorem for H 1 Γ, D k as follows: for every slope h ≥ 0, there is a discrete set of bad weights Z h such that if k is an accesible weight with k / ∈ Z h , we have a G K and Hecke equivariant isomorphism
where the exponent (h) denotes the factor of slope ≤ h of each of the U p -modules above, ω †,k+2 w is the modular sheaf on X(w) of weight k + 2 and S k is a Hecke module on a Banach space on which U p is compact. The isomorphism above is induced by the composition of the following sequence of maps:
In the above the first map is restriction from the Kummer-étale site of X(N, p) to the one of X(w), i.e. D k was restricted to the Kummer-étale site of X(w) and then considered as a sheaf on Faltings' site X(w) associated to the pair (X (w), X(w)). The second map is induced by the morphism of sheaves D k −→ D k⊗ O X(w) , where O X(w) denotes the contiuous structure sheaf of X(w). Finally the map R k was defined by hand in [AIS2] and it was rather mysterious. The goal of the present article is to study the "finite slope part" of the map R k . Let k be an accessible weight and h ≥ 0 a slope. Then we prove Theorem 1.1. We have a) The C p -vector space H 1 X(w), D k⊗ O X(w) (1) has a natural slope h-decomposition, and b) R k induces an isomorphism
The proof of this theorem is based on the following facts:
1) The sheaf D k⊗ O X(w) , contrary to D k , has a decreasing, separated and exhausting filtration by sub-sheaves, the cohomology of whose graded quotients can be calculated in terms of overconvergent modular forms.
2) One can estimate the p-adic valuation of the image of U p on the cohomology of the filtration of D k⊗ O X(w) (1).
We think the fact that the cohomology group H 1 X(w), D k⊗ O X(w) (1) has a slope h decomposition is surprising as we know little of its topological properties. Let us recall that slope decompositions have been proved for projective Banach modules over Banach algebras and for modules of overconvergent modular symbols by first decomposing the perfect complexes computing the modular symbols. Such complexes are not available for Faltings' cohomology and therefore we think this result is interesting in itself. Moreover, we believe that these ideas could be used to define slope decompositions for other continuous cohomology groups of ind-continuous sheaves. The structure of the article is the following: in chapters 2 and 3 we review the main constructions used in [AIS2] namely: Faltings' site and the sheaves we need on it and respectively the analytic distributions and the sheaves associated to them.
The new results start in chapter 4, more precisely in section §4.2 we construct the filtration D
to which we refered above and in section §5.1 we explicitly calculate the cohomology of its graded quotients. In section §5.2 we give p-adic estimates for the action of U p on the cohomology of D • k and in section §5.3 we show that H 1 X(w), D k⊗ O X(w) (1) has a finite slope decomposition and finish the proof of theorem 1.1.
Finally let us explain the title of this article. So far we have described it as a study of a certain technical point, the map R k , appearing in [AIS2] . But let us point out that one may think of theorem 1.1 as a 0.5 (half) Eichler-Shimura isomorphism in its own right. It is a type of Eichler-Shimura isomorphism as it describes a modular cohomology group, more precisely the finite slope part of H 1 X(w), D k⊗ O X(w) (1) , in terms of (finite slope) overconvergent modular forms. The qualification "half" used above refers to the fact that for every finite slope h and "good" accessible weight k, the natural homomorphism induced by restriction
is surjective and moreover it is G K and Hecke equivariantly split. It is known that if we denote by P symb k (X) the characteristic power series of the U p -operator acting on the "cuspidal part"
of H 1 Γ, D k (1) and by P cusp k+2 (X) the characteristic series of U p acting on overconvergent cuspforms of weight k + 2, then we have:
2 , and therefore we deduce that the
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Notations. In what follows we will denote by caligraphic letters X , Y, Z, ... log formal schemes over O K and by X , Y, Z respectively the formal schemes underlying X respectively Y, respectively Z. We will denote by X, Y, Z, ... respectively the log rigid analytic generic fibers of X , Y, Z... and by X, Y , Z, ... respectively the underlying rigid spaces.
2 Faltings' topoi 2.1 The geometric set-up.
In this section we will recall the geometric set-up from [AIS2] . Let p ≥ 3 be a prime integer, K a complete discrete valuation field of characteristic 0 and perfect residue field F of characteristic p and N ≥ 3 a positive integer not divisible by p. We fix once for all an algebraic closure K of K and an embedding Q → K, where Q is the algebraic closure of Q in C. We denote by C p the completion of K and by G K the Galois group of K over K. We denote by v the valuation on C p , normalized such that v(p) = 1. Let w ∈ Q be such that 0 ≤ w ≤ p/(p + 1) and let us suppose that there is an element (which will be denoted p v ) in K whose valuation is v := w/(p − 1). We fix an integer r ≥ 1 and we suppose that w < 2/(p r − 1) if p > 3 and w < 1/3 r if p = 3. We consider the following tower of rigid analytic modular curves over K, with log structures defined by the divisors of cusps:
where X 1 (N p r ), respectively X 1 (N ) classify generalized elliptic curves with Γ 1 (N p r ) respectively Γ 1 (N ))-level structure, while X(N, p r ) classifies generalized elliptic curves with
is the one which forgets the Γ 0 (p r )-level structure.
We denote by Ha a lift of the Hasse invariant (for example Ha = E p−1 , the normalized Eisenstein series of level 1 and weight p − 1, if p > 3) which we view as a modular form on X 1 (N ). We define the rigid analytic space
and remark that the morphism X(N, p r ) −→ X 1 (N ) has a canonical section over X(w) whose image we also denote by X(w)). We define X(p r )(w) := X 1 (N p r ) × X 1 (N,p r ) X(w) and view X(w) (respectively X(p r )(w)) as a connected affinoid subdomain of X 1 (N ) and via the above mentioned section of X(N, p r ) (respectively of X 1 (N p r )). The log structures are defined by the divisors of the cusps in X(p r )(w). We denote by X 1 (N ), X (N, p r ) and X 1 (N p r ) the p-adic formal schemes over O K obtained by completing the proper schemes over O K classifying generalized elliptic curves with Γ 1 (N ), respectively Γ 1 (N ) ∩ Γ 0 (p r ), respecti vely Γ 1 (N p r )-level structures along, respectively, their special fibers. Let X (w) denote the open formal sub-scheme of the formal blow-up of X 1 (N ) defined by the ideal sheaf of O X 1 (N ) generated by the sections p w and Ha(E/X 1 (N ), ω) which is the complement of the section at ∞ of the exceptional divisor of the blowing-up. Here E −→ X 1 (N ) is the universal generalized elliptic curve and ω is a global invariant 1-differential form of E over X 1 (N ). Finally we let X (p r )(w) denote the normalization of X (w) in X 1 (N p)(w) (see §2.2 of [AIS2] for more details). These formal schemes have natural log structures as follows: for X (w) it is defined by the divisors of the special fibers plus the divisors of the cusps, respecively (see [AIS2] §2.2.). If we denote by S the formal scheme Spf(O K ) with log structure given by the closed point, then the natural morphism of log formal schemes X (w) −→ S is log smooth.
The log structures on the formal schemes X (p r )(w), r ≥ 1 are the inverse images of the log structure on X (w) defined by the morphisms of formal schemes X (p r )(w) −→ X (w). Let us remark that we have constructed a natural commutative diagram of log formal schemes, log rigid analytic spaces and morphisms which is our basic geometric setup:
In the above diagram u denotes the various specialization (or reduction) morphisms.
In the next sections we will often denote X(p r )(w) and X (p r )(w) by X (r) (w) and respectively X (r) (w).
Faltings' topos
Our main reference for the constructions in this section is [AI] §1.2 and [AIS2] §2.3. We will define Faltings' site and topos associated to the pair of a log formal scheme and log rigid space: X (w), X(w) denoted X(w). Namely we first let X (w) ket be the Kummerétale site of X (w), which is the full sub-category of the category of log schemes T , endowed with a Kummer logétale morphism T −→ X (w) (see [AI] §1.2 or [I2] section §2.1). We recall that the fiber product in this category is the fiber product of log formal schemes in the category of fine and saturated log formal schemes so in particular the underlying formal scheme of the fiber product is not necessarily the fiber product of the underlying formal schemes.
If U is an object in X (w) ket then we denote by U fket K the finite Kummerétale site attached to U over K as defined in [AI] §1.2.2. i Now, to define X(w) we denote by E X (w) K the category such that i) the objects are pairs (U, W ) such that U ∈ X (w) ket and W ∈ U
. The pair (X (w), X(w)) is a final object in E X (w) K and moreover in this category finite projective limits are representable and in particular fiber products exist (see [AI] section §1.2.3 and [Err] proposition 2.6 for an explicit description of the fiber product). A family of morphisms {(U i , W i ) −→ (U, W )} i∈I is a covering family if either (α) {U i −→ U} i∈I is a covering family in X (w) ket and
We endow E X (w) K with the topology generated by the covering families defined above and denote by X(w) the associated site.
Let us observe that (X (w), X (r) (w)) is an object of E X (w) K , for all r ≥ 1 (while (X (r) (w), X (r) (w)) is not) so we define the induced (or localized) site X (r) (w) := X(w)
2.4, 2.5).
Sheaves on X(w)
We denote by O X(w) the presheaf of O K -algebras on X(w) defined by
We also define by O un X(w) the sub-presheaf of W(k)-algebras of O X(w) whose sections over (U, W ) consist of the elements x ∈ O X(w) (U, W ) such that there exist a finite unramified exten-
We denote by O X(w) and O un X the continuous sheaves on X given by the projective systems of sheaves {O X /p n O X } n≥0 and respectively {O un
Let r ≥ 1 and w ∈ Q adapted to r, let Z := X (r) (w) −→ X(w) and let us denote by X (r) := X /(X ,Z) the site induced by (X , Z) and by j * r , j r, * ( ∼ = j r,! ) the associated morphism of topoi. We have functors
These functors send covering families to covering families, commute with fiber products and send final objects to final objects. In particular they define morphisms of topoi. The results of §2 of [AIS2] imply that the Leray spectral sequence for v r, * = v X(w), * • j r, * degenerates and we have
). Let us recall the morphism θ r : X (r) (w) −→ X (w) which is finite and defines X (r) (w) as the normalization of X (w) in X (r) (w) and let
The localization functors
We recall here the localization of a sheaf or a continuous sheaf on X(w) to a "small affine of X ket " (for more details see [AI] section §1.2.6). Let U = Spf(R U ), N U be a connected small affine object of X (w) ket and we denote by U := U K the log rigid analytic generic fiber of U. Let us recall that under the above hypothesis U is a log formal scheme whose log structure is given by the sheaf of monoids denoted N U .
We write
with Spf(R U ,i ) connected, we let N U ,i denote the monoids which give the respective log structures and we let U i denote the respective log rigid analytic generic fiber. Then each R U ,i is an integral domain, so we let C U ,i denote an algebraic closure of the fraction field of R U ,i for all 1 ≤ i ≤ n and let C log
for the definition of a log geometric point). We denote by G U,i := π log 1 U i , C log U ,i the Kummeŕ etale fundamental group of U i . We have then that the category U fket i is equivalent to the category of finite sets with continuous G U,i -action. We write (R U ,i , N U ,i ) for the direct limit over all finite normal extensions R U ,i ⊂ S ⊂ C U ,i , all log structures N S on Spm(S K ) such that there are Kummerétale morphisms C U ,i −→ Spm(S K ), N S −→ U i compatible with the one between the underlying formal schemes. Finally we denote
We denote by Rep G U K and Rep G U K N the category of discrete abelian groups with continuous action by G U K , respectively the category of projective systems of such. It follows from [I2] section §4.5 that we have an equivalence of categories
, we obtain a functor, called localization functor
We consider the following variant. Let Z → X(w) be a finite Kummerétale morphism in X(w) fket K . Consider the associated site Z := X(w) /(X (w),Z) and let j (X (w),Z) : X(w) → Z be the induced morphism of sites. Consider a sheaf F ∈ Sh(Z) and fix a connected small affine object U = Spf(R U ), N U of X (w) ket as before. Denote by Υ U the set of homomorphisms of
For any g ∈ Υ U we write F R U , N U , g := lim F U, W , where the limit is taken over all finite and Kummerétale maps Spm(
and we obtain as before a localization functor:
If {U i } i is a covering of X ket and for every i we choose g i ∈ Υ U i , it follows from the definition of coverings in the site Z that the map Sh(Z) −→ i Rep G U i,K ,Z,g i is faithful. It also follows from proposition ?? that
3 Locally Analytic Modular Symbols
Analytic functions and distributions
In this section we recall a number of definitions and results from [AIS2] and also from [AS] and 
given by matrix multiplication on the right.
The two actions commute. Let us recall that we denoted by W * the rigid subspace of W of weights k such that |k(t)
Definition 3.1. We set
and ii) the function z → f (1, z) extends to a rigid analytic function on the closed unit disk
Let us make ii) of the above definition more precise. Let ord p denote the p-adic valuation on O K normalized such that ord p (p) = 1. Then we say that the function z → f (1, z) in the definition above is rigid analytic on B[0, 1] if there exists a power series
which is naturally a K-vector space. In fact A k is an orthonormalizable K-Banach space, where an orthonormal basis is given by: {f n } n≥0 where f n ∈ A o k are the unique elements such that f n (1, z) = z n for all z ∈ Z p . In other words f n (x, y) = k(x)(y/x) n for all (x, y) ∈ T 0 . For every γ ∈ Ξ(Z p ) and function f :
Using the fact that k is analytic and a n n→∞ −→ 0 we deduce that the function z → (γf )(1, z) extends to an analytic function on the closed unit disk B[0, 1].
As the family f n n is an orthonormal basis of A k over K, the above morphism is a O K -linear isomorphism. Moreover, under this isomorphism, the weak topology on D o k corresponds to the weak topology (i.e. the product of the m K -adic topologies on the product).
The geometric picture
Let us recall from the beginning of section §2 the modular curves X(N, p) −→ X 1 (N ), their natural formal models X (N, p) −→ X 1 (N ) and if w ∈ Q, 0 ≤ w ≤ p/(p + 1) we also have a rigid analytic space X(w) ⊂ X(N, p) and its formal model X (w), with its natural morphism X (w) −→ X (N, p). All these rigid spaces and formal schemes are in fact log rigid spaces and respectively log formal schemes, which are all log smooth and all the maps described are maps of log formal schemes or log rigid spaces.
Sheaves on X(N, p)
ket K associated to analytic distributions: Let E −→ X(N, p) be the universal generalised elliptic curve, and let us denote, as in section §3.1, by T the p-adic Tate-module of E, seen as a continuous sheaf on the Kummerétale site of X(N, p), denoted X (N, p) ket . If η = Spec(K) denotes a geometric generic point of X (N, p) , let G denote the geometric Kummeŕ etale fundamental group associated to X(N, p), η and let T := T η . One can easily see that T is a free Z p -module of rank 2 with continuous action of G. Let us choose a Z p -basis { 0 , 1 } of T satisfying the properties: 0 , 1 = 1, 0 ( mod pT ) ∈ E η [p] does not belong to the universal level p-subgroup C and 1 ( mod pT ) is a generator of C . We let
Moreover the right action of G on the above chosen basis defines a continuous group homomorphism
Therefore, if k ∈ W * and n ≥ 1 as in section 3.1 then via the homomorphism γ above, the Iw-modules A k , D k and if k is classical V k , can be seen as ind-continuous representations of G. Let us remark that if the classical weight k is associated to the pair k, k(mod(p − 1) , for k ∈ Z, k ≥ 0 in fact we have 
Sheaves on Faltings' site associated to analytic distributions: Let us now denote by X(w), Faltings' site associated to the pair X (w), X(w) . The map of sites u :
, given by (U, W ) → W , sends covering families to covering families, commutes with fibre products and sends the final object to the final object. It defines a morphism of topoi u * : Sh X(w) and by applying u * as ind-continuous sheaves on X(w). For simplicity we omit u * from the notations.
Let W denote the weight space for GL 2/Q , i.e., the rigid analytic space over Q p associated to the noetherian
We embed Z in W(Q p ) by sending k ∈ Z to the character a → a k and in general if k ∈ W(K) as above and t ∈ Z × p we use the additive notation t k := k(t). Once we fixed k ∈ W(K) we define r := min{n ∈ N | n > 0 and ||k(1 + p n Z p ) − 1|| < p
and we choose w ∈ Q with w ≥ 0 and w < 2/(p r − 1) if p > 3 and w < 1/3 r if p = 3. We say that w is adapted to r (and to k). Let us also note that given k, r as above there is a unique a ∈ K such that for all t ∈ 1 + p r Z p we have t k = exp(a log(t)).
The sheaves
In this section we recall the main constructions of chapter 3 of [AIS2] . Let w ∈ Q be such that 0 ≤ w < p/(p + 1). Let f : E −→ X (w) and f K : E K −→ X(w) denote the universal semi-abelian scheme over X (w) and respectively its generic fiber and let T −→ X(w) denote the p-adic Tate module of E ∨ K −→ X(w) seen as a continuous sheaf on X (w) and as such can be seen as a continuous sheaf on X(w). Notice that the sheaf T is a continuous sheaf of abelian groups, while T 0 is a continuous sheaves of sets and it is endowed with a natural action of Z * p . Let e : X (w) −→ E denote the identity section of f and let ω E/X (w) := e * Ω 1 E/X (w) . It is a locally free O X (w) -module of rank 1 and we denote by ω E/X(w) := v * X (w) ω E/X (w) . Then ω E/X(w) is a a continuous sheaf on X(w), a locally free O un X(w) -module of rank 1. We have a natural sequence of sheaves and morphisms of sheaves on X(w) called the HodgeTate sequence of sheaves for E/X (w)
For every connected, small affine object U = Spf(R U ), N U of X (w) ket , the localization of the Hodge-Tate sequence of sheaves at U is the Hodge-Tate sequence of continuous G Urepresentations which appears in [AIS1] 
Moreover, in [AIS2] it is proved the following. Let F 0 := Im(dlog) and F 1 := Ker(dlog). Then i) F 0 , F 1 are locally free sheaves of O X(w) -modules on X(w) of rank 1. We denote by F i,(r) := j * r (F i ) for i = 0, 1, they are locally free O X (r) (w) -modules of rank 1. ii) We set v := w/(p − 1) and let us suppose that w is adapted to r, for a certain r ≥ 1, r ∈ N. We denote C r ⊂ E[p r ] the canonical subgroup of level p r of E[p r ] over X (r) (w) (which exists by the assumption on w), denote by C ∨ r its Cartier dual and we also denote by C r and C ∨ r the groups of points of these group-schemes over X (r) (w), and by the same symbols the constant abelian sheaves on X (r) (w) ket . We have natural isomorphisms as O X(w) -modules on
. iii) we have natural isomorphisms of O X (r) (w) -modules with G r -action:
are the sheaves on X (r) (w) defined in section §2 of [AIS1] . Moreover
Let k ∈ W(K) and r ∈ N and w ∈ Q such that w is adapted to r and k. Let us also recall that we denoted v := w/(p − 1). Let us denote S X (r) (w) :
, it is a sheaf of abelian groups on X (r) (w) which acts on O X (r) (w) as follows:
and y ∈ O X (r) (w) (U, W, α) = O X(w) (U, W ). Then we define s * y := exp(a log(x)) · c k · y, where a ∈ K is such that t k = exp(a log(t)), t ∈ 1 + p r Z p .
Let us remark that s * y ∈ O X (r) (w) (U, W, α). We denote by O X (r) (w) (k) the continuous sheaf O X (r) (w) with the above defined action of S X (r) (w) .
We have an isomorphism of sheaves
Let F (r) denote the inverse image under the isomorphism ϕ above of the sheaf of sets (
It is endowed with an action of S X (r) (w) . Recall that we have a morphism of sites j r : X(w) → X (r) (w). It then follows from the construction that dlog induces a map
compatible with the actions of Z * p on the two sides. Moreover, following [AIS2] §4, the sheaf F (r) is an S X (r) (w) -torsor and there exists a covering of X (w) by small affine objects
is the trivial torsor for every i.
Let us now consider the O X (r) (w) -module
It is a locally free O X (r) (w) -module of rank 1 and we have a natural isomorphism of O X (r) (w) -modules
We also have a map of continuous sheaves of O X (r) (w) -modules
induced by dlog.
For every element σ ∈ G r we denote also by σ the functor E X (w) K /(X (w),X (r) (w)) −→ E X (w) K /(X (w),X (r) (w)) defined on objects by (U, W, α) → (U, W, σ • α) and by identity on the morphisms. This functor induces a continuous functor on the site X (r) (w). If H is a sheaf (or continuous sheaf) on X (r) (w) we denote by H σ the sheaf:
a) Let us suppose that G is a sheaf of abelian groups on X(w) and H := j * r (G). Then c) Suppose that H is a sheaf on X (r) (w) such that H σ = H for all σ ∈ G r . Then each element σ ∈ G r defines a canonical automorphism of the sheaf j r, * (H), i.e., we have a canonical action of the group G r on the sheaf j r, * (H).
Definition 4.1. We define the sheaves Ω k X(w) and ω †,k
The sheaves thus defined enjoy the following properties. For every k and w as above we have i) ω †,k
O X(w) . We start by fixing k, w as in the previous section with k accessible. The goal of this section is to construct a decreasing and exhausting filtration of the sheaf
and determine their graded quotients. In fact we will proceed as follows: we will first define (independently) the sheaves fil m (A k ), D m k , for m ≥ −1 and we will show that D
Let m, n ≥ 0 be integers. We define
Then fil m A k is a locally free O X(w) -module of rank m + 1. Let U := Spf(R U ), N U denote a connected, small object of X (w) ket , let T := T (R U , N U ) be the p-adic Tate module of E R U −→ Spec(R U ) and let C ⊂ E[p] denote the canonical subgroup. We let e 0 , e 1 denote an R U -basis of T ⊗ R U such that e 1 is a basis of F 1 over R U whose restriction to X
(1) (w) reduces to the canonical generator of C modulo p 1−v , dlog U (e 0 ) is a basis of F 0 over R U whose restriction to X (1) (w) reduces to the dual generator of C ∨ modulo p 1−v . We denote by G
(1) U the sub-group of the elements of G U which are trivial on X (1) (w),
We can choose the basis e 0 , e 1 such that for all σ ∈ G
(1)
U we have σ(e 1 ) = χ(σ)e 1 and σ dlog U (e 0 ) = dlog U (e 0 ). Let X, Y denote the basis of T ∨ ⊗ R U which is R U -dual to e 0 , e 1 respectively (i.e. X(e 1 ) = Y (e 0 ) = 0 and X(e 0 ) = Y (e 1 ) = 1). Then the (right) action of G (1) U on X, Y is given by:
where ξ : G U Y −→ R U is defined by ξ(σ)e 1 = σ(e 0 ) − e 0 and if u ∈ R U and α ∈ G
U we denote by u α the natural action of α on u. Moreover, as G
( 1) U acts trivially on X we have a natural action of the group G on it given by: for σ ∈ G, X|σ = τ (σ)X (see remark 4.2 below).
Remark 4.2. In fact we may regard X as an R U -linear map X :
Moreover, let us recall that k is attached to a pair (s, i) with s ∈ K (satisfying ||s|| < p 2−p p−1 ) and 0 ≤ i ≤ p − 2 an integer. Then for m ∈ Z we have:
Lemma 4.3. We have
is a a free R U -module of rank m + 1.
Proof. We notice that Sym
Let us define the morphism φ m : fil m A k −→ fil m+1 A k as the composition
Definition 4.4. We set:
A k,i thus defined is a locally free sheaf of O X(w) /p i O X(w) -modules on X(w) and we denote by A k the continuous sheaf of O X(w) -modules {A k,i } i≥0 . We also set
for all i ≥ 0, m ≥ 0, and denote
We have the following simple properties of these sheaves.
which give the family {D k,j } j≥0 the structure of a continuous sheaf of O X(w) -modules on X(w) which we denote D k .
Proof. As fil
This proves a). For b) let us notice that we have
and let us use the notations before lemma 4.3. We have Lemma 4.6.
Proof. Everything follows from lemma 4.3 and the fact that the sheaves fil m A k,j for m ≥ 0 and
Corollary 4.7. We have natural isomorphisms as O X(w) -modules
Proof. For every U := R U , N U connected small object of X (w) ket K , by lemma 4.6 we have canonical isomorphisms as R U -modules, compatible with G U -actions between the localizations:
Now we'd like to determine the graded quotients associated to the filtration D
is a free O X(w) -module of rank 1 which satisfies the following properties.
Lemma 4.8. For every m ≥ 0, m ∈ Z we have an exact sequence of sheaves on X(w):
X(w) (−m − 1) −→ 0, where the morphism u is induced by dlog ∨ and the twists are Tate twists.
Proof. We have the exact sequence of locally free sheaves of O X(w) -modules on X(w) (the HodgeTate sequence)
We tensor this exact sequence with Sym m (T ∨ )⊗ O X(w) (which is a free O X(w) -module) and obtain the commutative diagram
Let us first define the arrow:
. For m = 0, ψ 0 is the identity. So let us suppose the map ψ m is defined for m ≥ 0 such that the diagram is commutative and let us define ψ m+1 . We first notice that we have a natural map
, and the respective diagram is commutative. Now analyzing the localizations at small affines it follows that the bottom sequence is exact which proves the lemma.
Proof. a) We have the exact sequence of O X(w) -modules of lemma 4.8
Now we tensor over O X(w) with Ω −k+m+1 X(w) and obtain the exact sequence
which proves a). b) We dualize the exact sequence above and obtain
(m + 1).
In particular, for m = −1 we have
4.3 The map dlog ∨,k .
We start by fixing a K-valued weight k as in the previous section such that the associated r = 1 and let w be adapted to k. Such a weight is called accessible. We have explained in section §3.2 how to construct a continuous sheaf A 
m . We write T 0 for the continuous sheaf on X(w) associated to the G-representation T 0 . Then we have an inclusion of sheaves
on X(w), which for every r and n ∈ N provides a map of sheaves of
These maps are compatible for varying n and define a map of continuous sheaves
. This map has the following properties (see [AIS2] :
(1) The map β (r) is injective and G r -invariant. (2) The map dlog ∨,k is G r -invariant and factors via β (r) . For the rest of this section we assume r = 1. From the discussion above it follows that dlog
Applying the functor Hom O X (1) (w) − , O X (1) (w) and using the identification
Then, for every n ∈ N there exists m ≥ n such that the map
. It follows that we get a map of continuous sheaves of O X(w) -modules
Passing to ind-sheaves (i.e. inverting p) we obtain a map
In the next section we will calculate the cohomology of the ind-continuous sheaves ω †,k
O X(w) .
The cohomology of the sheaves
. Let Z := X(w) /(X (w),Z) the associated induced site and j := j (X (w),Z) : X(w) −→ Z the map j(U, W ) := U, Z × X(w) W, pr 1 ; see ??. It induces a morphism of topoi. For i ≥ 0 we shall calculate H i Z, j * ω †,k X(w) . For ι = id we get in particular the calculation of H i X(w), ω †,k X(w) . We will need the following:
Lemma 4.10. Let F be a locally free ( O X(w) )[1/p]-module of finite rank. The sheaf R b v X(w), * F is the sheaf associated to the presheaf on X (w) ket :
where G U is the Kummer-étale geometric fundamental group of U, for a choice of a geometric generic point, i.e.,
Theorem 4.11. [AIS2] . We have isomorphisms as
Proof. As R i j * = 0 for all i ≥ 1 by [AIS2] we have
To prove the theorem we will first calculate the sheaves R b v X(w), * F using lemma 4.10 and then we'll use the Leray spectral sequence (see [AI] ):
We compute the Galois cohomology of the localization of the ind-continuous sheaf F
is a locally free O X(w) [1/p]-module of rank 1, it follows from the main result of [F4] 
The Kodaira-Spencer isomorphism gives Ω
, where the isomorphism is as sheaves on X (w)
ket . Similarly we have
and R b v X(w), * F = 0 for b ≥ 2. Now let us observe that ω †,k⊗
is a sheaf of K-Banach modules on X(w), as it is locally isomorphic to ι * (O Z )⊗B K⊗ C p . As X(w) is an affinoid we obtain that
by Kiehl's vanishing theorem. Therefore the Leray spectral sequence gives now the result of the theorem.
The Main result
Let k ∈ W * (K) be an accessible weight and h ∈ Q, h ≥ 0 a slope. Let us recall the morphism of continuous sheaves on X(w) defined in section 4.3
It induces a G K and Hecke-equivariant morphism
In this chapter we prove the main result of this note, i.e. the following theorem Theorem 5.1. a) The C p -vector space H 1 X(w), D k (1) has a natural slope h-decomposition, and b) R k induces a G K and Hecke equivariant isomorphism
The proof of this theorem will occupy the rest of the chapter.
The cohomology of the quotients
We start by fixing w ∈ Q such that 0 < w < p/(p + 1). Let us recall that we have denoted by X(w) Faltings' site associated to the pair X (w), X(w) . Let k ∈ W * (K) be an accessible weight. We recall the ind-continuous sheaf of for all m ≥ −1, n ≥ 1.
Let us recall how to calculate these cohomology groups. Let F be an ind-continuous sheaf on X(w) then we have the Leray spectral sequence H a X (w) ket , R b v X(w), * (F) =⇒ H a+b X(w), F .
Moreover, for all b ≥ 0 with we have: R b v X(w), * F can be computed using the Galois cohomology of the localizations of F at small affines i.e. it is the sheaf on X (w) ket associated to the presheaf
where G := Gal R K /R U ,K is the Kummer-étale geometric fundamental group of U K for the chosen geometric generic point. We now fix m ≥ −1, s ≥ 1 and we have. Let us fix U := Spf(R U ), N U a small affine of X (w) ket and let e 0 , e 1 be the R U -basis of T ⊗ R U defined there with X, Y the correponding R U -dual basis. We recall that we denoted by ∆ := G (1) the open subgroup of the fundamental group G of automorphisms which fix the log affinoid V K where V := U × X (w) X
(1) (w), i.e. ∆ is the kernel of the map G −→ G = Gal(X (1) (w)/X(w)) ∼ = F With these notations, D m k,K (R U ) = {µ ∈ D k,K such that µ(X k−n Y n ) = 0 for all 0 ≤ n ≤ m}. Let us first remark that the localization of the isomorphism of corollary 4.9 at U can be described explicitly as follows. We have a natural map, G-equivariant, (R U , N U )(m + 1). Using the main result of [F4] we obtain that:
Moreover we have
The last isomorphism is induced by the Kodaira-Spencer isomorphism: ω †,2 w ∼ = ω 2 E K /U K ∼ = Ω 1 U K /K . It follows that the proposition 5.2 is proved for s = 1. In fact this case was already proven in section §3.3. for m = −1.
Let now s = 2 and let us consider the exact sequence of G U -modules In other words the class of ( * ) seen as an element of H 1 ∆ U , Ω −2 X(w) (R U , N U )(−1) is (an integer) ×ξ. Therefore the boundary map ∂ in the long exact cohomology sequence associated to ( * )
k )(R U , N U ) is injective and it is an isomorphism after inverting p. It follows that we have isomorphisms
